A generalization of the quotient integral formula is presented and some of its properties are investigated. Also the relations between two function spaces related to the special homogeneous spaces are derived by using the general quotient integral formula. Finally, our results are supported by some examples.
Introduction
In 1917, Johann Radon [11] showed that a differentiable function on ℝ 2 or ℝ 3 could be recovered explicitly from its integrals over lines or planes, respectively. Nowadays, this reconstruction problem has many applications in different areas. For example, if the Euclidian group E(2) acts transitively on ℝ 2 , then the isotropy subgroup of origin is the orthogonal group O (2) . Therefore, the homogeneous space E(2)/O (2) provides a definition of the X-ray transform that is used in many areas including computerized tomography, magnetic resonance imaging, positron emission tomography, radio astronomy, crystallographic texture analysis, etc; see [1] [2] [3] . This shows that the study of function spaces related to homogeneous spaces is useful, so that the Radon transform and its applications has been studied by many authors; see, for example, [5, 8, 10, 11] . S. Helgason [6] studied the Radon transform in the more general framework of homogeneous spaces for a topological group G.
Let G be a locally compact group, let H and K be two closed subgroups of G, let L := H ∩ K and also let X := G/K and Y := G/H denote two left coset spaces of G. Assume that dσ = d(kL) and dη = d(hL) are two K-invariant and H-invariant Radon measures on K/L and H/L, respectively. The Radon transform R K,H : C c (G/K) → C(G/H) and its dual R * K,H : C c (G/H) → C(G/K) were introduced by S. Helgason in 1966 defined by Regarding the abstract setting of the Radon transform on function spaces related to homogeneous spaces, we will generalize some important known results from locally compact groups to homogeneous spaces. The outline of the rest of this paper is as follows: In Section 2, we mention the preliminaries including a brief summary on homogeneous spaces and the (quasi-)invariant measures on them. A generalization for the quotient integral formula is presented in Section 3. Finally, the results are supported by some examples.
Preliminaries
In the sequel, H is a closed subgroup of a locally compact group G and dx, dh are the left Haar measures on G and H, respectively. The modular function ∆ G is a continuous homomorphism from G into the multiplicative group ℝ + . Furthermore,
where f ∈ C c (G), the space of continuous functions on G with compact support, and x ∈ G (see [4, 
and If the function λ(x, ⋅ ) reduces to a constant for each x ∈ G, then μ is called relatively invariant under G. We consider a rho-function for the pair (G, H) as a non-negative locally integrable function ρ on G which satisfies
It is well known that (G, H) admits a rho-function which is continuous and everywhere strictly positive on G. For every rho-function ρ, there exists a regular Borel measure μ on G/H such that
This equation is known as the quotient integral formula. The measure μ also satisfies
Every strongly quasi-invariant measure on G/H arises from a rho-function in this manner, and all of these measures are strongly equivalent (see [ If μ is a strongly quasi-invariant measure on G/H which is associated with the rho-function ρ for the pair (G, H), then the mapping T H :
is a surjective bounded linear operator with ‖T H ‖ ≤ 1 (see [9, 12] ) and also satisfies the generalized Mackey-Bruhat formula
which is also known as the quotient integral formula.
Generalized quotient integral formula
Throughout this section, we assume that G is a locally compact group and H is its closed subgroup. The space G/H equipped with the quotient topology is considered as a homogeneous space that G acts on from the left, and π H : G → G/H denotes the canonical map. It is well known that π H is open, surjective and continuous. This can be generalized to homogeneous spaces as follows. 
while π L is a continuous map and π H is an open map.
We should clarify that H is not necessarily a normal subgroup, so G/H does not possess a group structure, but it will be a locally compact Hausdorff space. Also, it is worthwhile to note that if G/L is locally compact (respectively compact), then G/H is also locally compact (respectively compact). Suppose that ∆ H | L = ∆ L , where ∆ H and ∆ L are the modular functions of H and L, respectively. In this case, the quotient integral formula guarantees the existence of a unique (up to a constant) H-invariant measure η on H/L. Now, we define the Radon transform R L,H :
which is well defined. Note that if L is the trivial subgroup of H, then clearly R L,H is P H (see (2.1)). Moreover, we have The converse is immediate by the quotient integral formula (see [4, Theorem 2 .56]).
Some manifolds that we met in a differential geometry class are homogeneous space: spheres, tori, Grassmannians, flag manifolds, Stiefel manifolds, etc are of this type. In the following example, to elucidate the usefulness of Theorem 3.5, we provide a Radon measure for a manifold by knowing it for another homogeneous space. 
Proof. By [7, Proposition 1.15], there exists a regular Borel measure μ on G/H such that
5)
and also by the quotient integral formula we have 
